Frequency Technique for the efficient analysis of scattering and radiation problems is presented. Results of the analysis of twodimensional scattering and radiation problems using Physical Optics as the high frequency technique are given showing some of the features of the method. 
INTRODUCTION
Nowadays, the overwhelming majority of practical problems in electromagnetics require the use of a numerical method for their analysis. There are many numerical methods, each with its own features that make it more suitable for a particular type of problems. A division among general numerical discretization techniques for electromagnetics might be the following: techniques based on the discretization of Differential Equations (DE): e.g., Finite Difference (FDM) [1] and Finite Element (FEM) [2] ; techniques based on the discretization of Integral Equations (IE): e.g., Method of Moments (MoM) [3] ; and techniques based on high-frequency (HF) asymptotic approximations: e.g., Geometrical Optics (GO), Physical Optics (PO), Geometrical Theory of Diffraction (GTD), etc., [4, 5] .
When any method mentioned above is applied to a general problem, it has advantages as well as disadvantages. DE methods easily allow to analyze complex media (arbitrary geometries, strong inhomogeneouties and anisotropic materials) and obtain sparse matrices, but they are not suitable for open-region problems. IE methods are well suited for the analysis of open-region problems. However, the Green's function has to be known and dense matrices are computed. HF techniques are asymptotic approximations that are rigorously valid only for frequency tending to infinity. Thus, practical applications often require the conjunction of two or more numerical techniques, i.e., a hybrid method, for an efficient and accurate analysis.
Several hybrid methods have been developed since the early 1970s. One group of methods combines the IE and HF methods (a review may be seen in [6] ) by means of the modification (through the use of a high frequency technique) of the Green's function of the IE formulation. Thus, the presence of electrically large bodies is taken into account. However, these hybrid methods are not appropriate for a complex medium.
Another group of hybrid techniques combine IE and DE methods, e.g., the FEM-BI method. In this type of hybrid techniques the flexibility of DE methods to analyze inhomogeneous and anisotropic media is joined with the features of IE methods to analyze open-region problems. Thus, the FEM domain to be discretized is reduced to the minimum size. However, the sparse and banded structure of the FEM matrices are usually destroyed and the presence of electrically large objects yields to a prohibitively large number of unknowns.
In conclusion, an efficient analysis, specifically the scattering and radiation analysis, of practical structures (e.g., antennas mounted on aircrafts, ships, or any scattering platform, indoor antennas for wireless communication, and electrically large objects having small and/or complex features) may be obtained through a combination of rigorous (both DE and IE) methods and HF techniques.
In this paper, a novel hybrid FEM High-frequency (FEM-HF) technique for the efficient analysis of general scattering and radiation problems is presented. It makes use of FEM for the regions with small and complex features (arbitrary geometry and/or inhomogeneousmaybe anisotropic-media) and a HF technique for the analysis of the electrically large objects of the structure. This hybrid method also makes use of the radiation boundary condition of the IE representation of the field for the truncation of the FEM domain. It combines the three types of methods mentioned above: DE (FEM), IE, and HF methods, and it does combine them on a full coupled basis, i.e., by taking into account mutual interactions between the FEM domains and the objects analyzed with HF techniques.
Other hybrid FEM-HF techniques have been proposed in the literature (e.g., [7] [8] [9] ), but with FEM and HF analysis decoupled one from the other. Two hybrid coupled FEM-HF techniques, developed independently, have appeared recently [10, 11] . However, the hybrid approach presented here has several unique features that are derived from the use of an improved version of an iterative method for the FEM analysis of 2D and 3D (static and full wave) open-region problems previously proposed by the authors [12] [13] [14] 2] . An accurate representation of the radiation boundary condition is obtained by the use of the Green's function of the exterior problem. It allows to place the external boundary close to the sources while the sparsity of the FEM matrices is retained. The iterative nature of this method provides several advantages, among them, an easy hybridization with other techniques by means of interfacing with them in the iterative loop. Specifically, in the approach presented in this paper, the coupling with the HF technique is achieved by modifying the Green's function that is used to update the external FEM boundary condition.
The organization of the rest of this paper is as follows. The hybrid method is described in Section 2 being suitable to be applied to a wide variety of open-region problems and with different HF techniques. Examples of its application to the analysis of 2D scattering and radiation problems, using PO as the HF method, are shown in Section 3. Results illustrate the features of the method. Finally, several conclusions are presented in Section 4. 
HYBRID METHOD
Consider the problem illustrated in Figure 1 . It consists of a region (bounded by an arbitrarily shaped auxiliary boundary S ) with small features and a complex configuration where there are several materials (which may be anisotropic and with electric and/or magnetic losses) and conducting objects of arbitrary shape. A rigorous method such as FEM is needed for the analysis. The region external to S consists of an open homogeneous medium with the presence of some electrically large objects (typically conducting and dielectric coated conducting objects). The electrical size of those objects makes appropriate the use of an approximate HF technique (HFT) for the analysis of that region. Thus, these objects will be referred as HFBs (HF Bodies). For a scattering problem, an incident field is considered as excitation. For a radiation problem, the excitation comes from internal sources within the FEM domain. The FEM domain (Ω) is not truncated at S but at a boundary S, located outside S and in such a way that the region between S and S is homogeneous. Boundary S may be arbitrarily shaped but typically it is selected conformal to S . Distance from S to S is usually small, typically in the range of 0.05λ to 0.2λ. Thus, the FEM domain is truncated very close to the sources of the problem.
By means of FEM, a sparse system of equations is obtained that model the electromagnetic field solution in the FEM domain:
where the sub-indexes S and I refer to the degrees of freedom g on S and in the interior region, respectively. Vector b I is null for scattering problems and it is a function of the interior sources for radiation problems. Vector b Ψ is a function of the value of the boundary condition on S, which is referred to as Ψ. A local type boundary condition is used on S, specifically a Cauchy boundary condition (an example is given in (3)). This is a difference with respect to the original version of the iterative FEM for open-region problems [12] [13] [14] 2] where a Dirichlet boundary condition was used. The use in this context of this type of boundary condition was proposed in [15] where a similar iterative methodology (developed independently) was used. The absorbing character of the boundary condition on S yields a FEM solution free of interior resonances and improves the convergence of the method. Obviously, in order for (1) to be solved b Ψ , i.e., Ψ, must be known. An initial value of Ψ, Ψ (0) is assumed, zero for radiation problems and a linear combination of the incident field into the FEM domain (taking into account the presence of the HFBs) and its derivatives for scattering problems. Then (1) is solved. From the FEM field solution and making use of the Equivalence Principle, equivalent sources (electric, J, and magnetic,M , currents, in electrodynamics) are computed on the auxiliary boundary S . From those equivalent sources, the value of the field (and its derivatives) on S are computed and a new value of Ψ, Ψ (1) , is obtained. This is done by using a modified Green's function G m ( r, r ) which is the addition of the Green's function G ( r, r ) of the external region without the HFBs and the contributions of the scattering produced by the HFBs external to S. The contributions of HFBs are calculated using a HF technique. The radiated field on HFBs from the equivalent sources on S is calculated, mutual interactions between HFBs are applied, and the reradiated field (from HFBs to boundary S) is computed. This new term, which has to be added to G ( r, r ) in order to compute the fields on S, is defined as the HFT Green's function, G HFT ( r, r ). The field on S in the presence of the HFBs is computed using G m ( r, r ) = G ( r, r ) + G HFT ( r, r ) where r ∈ S and r ∈ S . Thus, the HF method is hybridized with the FEM. The new value Ψ (1) is compared with the previous one Ψ (0) . In general, Ψ (1) will be different from Ψ (0) . Then, the FEM system (1) is solved using Ψ (1) as the value of the boundary condition (an overrelaxation process may also be employed). The iterative process continues until a certain error criteria is satisfied; typically, it is based on a norm of the difference between the values of Ψ between two consecutive iterations. Therefore, at the end of iteration cycle i, Ψ is updated for next cycle as follows
where f refers to a integro-differential functional dependent of the problem type analyzed (an example is given in (5)) andJ (i) ( r ), problems. Only two extra modules need to be added. The first one calculates the initial boundary condition on S, Ψ (0) , while the second upgrades it for the next iteration cycle, Ψ (i+1) , using the equivalent sources on S and the modified Green's function.
The method presented in this paper typically converges in a few iterations. It is worth noting that the numerical cost of the second and subsequent iterations is very small. If a direct solver is used to solve the FEM problem at each iteration cycle, the factorization of the FEM matrix must be performed only once at the first iteration. Thus, FEM solution for the second and subsequent iterations is obtained by simple backward substitution. If an iterative solver is used, the solution of the previous iteration cycle may be used as an initial guess for the next iteration of the solver. It is also worth noting that the problem of Fig. 1 depicts a simplified example used to describe the proposed hybrid approach. In a general case, several FEM domains may exist. Also, infinite ground planes may be taken into account analytically using the free space Green's function with image theory. Several examples are shown in the next section.
APPLICATION TO TWO-DIMENSIONAL SCATTERING AND RADIATION PROBLEMS
The application of the hybrid method described above to the twodimensional (2D) problem of scattering and radiation of infinitely long z oriented cylinders (with TM and TE polarization) is shown below. PO is used as the asymptotic high frequency method. The governing equation of the problem is the 2D scalar Helmholtz equation, which is discretized by FEM inside S (domain Ω) and a Cauchy boundary condition is used on S:
where parameters φ, f r , g r and q are defined according to Table 1 and the normal derivative is calculated in the outward direction from Ω. In (3) φ refers to the total field which may be written as φ = φ 0 + φ sc where φ 0 is the incident field in the presence of the HFBs (i.e., φ 0 = φ inc + φ inc HFT being φ inc the incident wave of Figure 1 and φ inc HFT , the incident wave field scattered by the HFBs -in absence of FEM domain-) and φ sc refers to the field due the FEM domain perturbation in the whole problem. In the case of a radiation problem, there is no incident field (the excitation of the problem comes from the internal sources q) and therefore φ 0 = 0. Scattering TM E z µ r ε r 0
FEM discretization of the Helmholtz equation together with the inclusion of the boundary condition (3) provides a system matrix of equations as in (1) . The initial value of Ψ (0) is:
Note that Ψ (0) = 0 for a radiation problem. Then, the system (1) is solved, fields in Ω are obtained and fields on S are computed using the modified Green's function. In general, for iteration i
The value of Ψ is updated for next iteration, Ψ (i+1) , by using (5) into (3) and considering (4):
This procedure is repeated until convergence is achieved, i.e., the norm (typically the L 2 norm) between two consecutive iterations, Ψ (i) and Ψ (i+1) , is smaller than a user-defined amount.
To demonstrate the capabilities of the method, several scattering and radiation problems are analyzed. Results shown in Fig. 3 correspond to the Radar Cross Section (RCS) normalized to the wavelength, σ/λ, of a coated circular cylinder near a perfect conductor plane excited by a TE-polarized plane wave with incidence direction normal to the plane. The coating material has electric and magnetic figure) . Also, the analysis considering the plane and the circular cylinder as two separated FEM domains is shown (Separated FEM Domains in the figure) in order to illustrate the flexibility of the method. Agreement between all solutions is excellent. There is a slight disagreement for low elevation directions as expected from the PO approximation.
The coated cylinder of Fig. 3 has also been analyzed with a TMpolarized plane wave with normal incidence to the plane. The results are shown in Fig. 4 . Hybrid method results (with the plane as a PO object) for different plane widths are shown in the figure. As the total scattered field increases with the plane width, the scattered field of the figure shows the total scattering fields minus the reflected field by the plane when there is no cylinder. It may be observed that the hybrid method results converge, as the plane width becomes larger, to the results corresponding to an infinite width plane. The results for the latter are obtained by the iterative FEM solution using a Green's function with image theory. Figure 5 shows the normalized bistatic RCS, σ/λ, for a dielectric circular cylinder near a perfect conductor dihedral corner when it is excited by a TM-polarized plane wave with an incidence angle of 45 • . Iterative FEM and hybrid method solutions are shown. Very good agreement between FEM and hybrid solutions is obtained.
The dielectric cylinder of iterative FEM solution using a Green's function with image theory.
All the above results have been obtained with S placed on the interfaces dielectric-air and S conformal to S (distance S-S around 0.3λ). The FEM discretization corresponds to 15-20 segments per wavelength. It is worth noting that these problems were also analyzed using the orthogonal polarization and analogous results were obtained.
As examples of radiation problems, consider first Fig. 7 , which corresponds to the magnetic field radiated by a uniform magnetic current, M z = η o /k o that flows through a circular shaped region with radio R 1 = 0.4λ in the presence of a perfect conducting finite width strip, W = 20λ. In the figure, the values of the magnetic field computed by the hybrid FEM-HF technique on S and S (as shown in the inset) are compared with the analytical solution for the limit case of W = ∞, and a very good agreement is observed. It is significant that analogous results are obtained for the TM polarization. In all cases, monotonous convergence has been observed for the iterative hybrid method. For the scattering problems shown above, the number of iterations for an error ( Ψ (i) − Ψ (i+1) ) approximately equal to 10 −4 is in the range between 10 and 20 iterations. For the radiation problems, the number of iterations is quite lower (typically, 2 or 3 iterations). 
CONCLUSIONS
A novel hybrid FEM-High frequency (FEM-HF) technique for the efficient analysis of general scattering and radiation problems has been presented. It makes use of FEM for the regions with small and complex features and a HF technique for the analysis of the electrically large objects of the structure taking into account mutual interactions between the FEM domains and the objects analyzed with HF techniques. It also makes use of the radiation boundary condition of the IE representation of the field for the truncation of the FEM domain, thus allowing the FEM domain to be truncated with a minimum number of unknowns. At the same time, the original sparse and banded structure of the FEM matrices is retained. All that is achieved at the expense of performing a small number of iterations in which second and subsequent iterations are performed with a minimum computational cost. The hybridization with the HF technique is made by means of a simple modification of the iterative loop. Several examples of the application of the method to twodimensional scattering and radiation problems with PO as the HFT have been presented showing the flexibility and accuracy of the method. 
